Abstract. We continue the study of the variation of the p-modulus of a foliation initiated by the first author. We derive the formula for the second variation which allows to study p-stable foliations. We obtain some results concerning codimension one p-stable foliations. Moreover, we derive the equation for the critical point of the p-modulus functional of a foliation given by the level sets of smooth function. We show the correlation with the q-harmonicity. We give some examples. In particular, we show that foliations given by the distance function are critical points of p-modulus functional.
Introduction
Extremal length [1] , the notion which was the starting point to the definition of modulus, is a conformal invariant widely used in the context of quasi-conformal mappings on the plane. The p-modulus of family of curves plays major role in many areas of mathematics, such as potential theory or geometric measure theory. In the latter, it allows to deal with Sobolev spaces on metric measure spaces.
A p-modulus was generalized to a family of measures and, in particular to a family of Lipschitz surfaces by Fuglede [13] . This leads in a natural way to a p-modulus of families of submanifolds on a Riemannian manifold and to the p-modulus of a foliation. Therefore it is natural to study the properties of such notion.
The modulus of a family of hyper-surfaces separating two components of the complement of doubly connected set is the reciprocal of the capacity of this set [16, 14] . The capacity is an important tool in the potential theory, differential equations but has also implications to differential geometry [10, 11, 6] . By the monotonicity of modulus, it is natural to find and describe these which modulus attains its maximum.
In this paper, we continue the approach initiated in [8] by the first author. We derive the second variation of p-modulus functional. This leads to the definition of p-stable foliations (for the p-modulus). We give more explicit condition for p-stable foliations in the codimension one case. This condition reminds the weighted Hardy type inequality, with the weight being the p-th power of the extremal function for the p-modulus.
We also focus on the foliations given by the level sets of any smooth functions. We derive the differential equation for critical points of p-modulus functional. We show the correlation of the critical points of p-modulus functional with the q-harmonicity of the function defining the foliation. We show that foliations given by the distance function are p-stable.
The main tools of all considerations are the following.
In the context of the second variation of p-modulus we use the integral formula obtained by the first author [7] and slightly generalized in this paper to the following
whereμ is the Lebesgue measure on M, f 0 the extremal function for the p-modulus of a given foliation F andφ is the integral over the leaves of F (for the definitions see the next section). This formula is of the independent interest and can be seen as a generalization of co-area formula.
In the context of q-harmonicity of a function u : M → R on a Riemannian manifold and p-modulus of related foliation F u , we derive properties of the function
We compute the differential of ν q u and use obtained formula in order to obtain the differential equation for the critical point of the p-modulus functional.
Basic definitions and facts
Let (M, g) be a Riemannian manifold, F a k-dimensional foliation on M. Denote byμ the Lebesgue measure on M and let µ L denotes the Lebesgue measure on the leaf L ∈ F .
Fix p > 1. We say that a nonnegative Borel function
for all L ∈ F . The set of admissible functions is denoted by adm(F ). The p-modulus of F is the number
in the case when adm(F ) is nonempty, and we put mod p (F ) = ∞ otherwise. Notice that p-modulus can be defined for any family F of k-dimensional submanifolds. The original definition of modulus was introduced for the family of measures by Fuglede [13] . The p-modulus has the following basic properties [13, 5] (
. In other words, p-modulus is an outer measure (on the set of k-dimensional submanifolds).
If there is an admissible function f 0 , which realizes the p-modulus, i.e.
then we call f 0 the extremal function for the p-modulus of F . One can show the following characterization of existence of extremal function [7] .
Proposition 2.1. There is extremal function for the p-modulus of F if and only if for any subfamily E ⊂ F such that mod p (E) = 0 we haveμ( E) = 0.
Moreover extremal function has two important properties [7] (1)
In the case, when a foliation F is given by the level sets of a submersion Φ : M → N, the extremal function for the p-modulus of F , if exists, equals [15] (2.1)
where p and q are conjugate coefficients, p + q = pq. Now we will slightly improve some of the results in [7] . Let us begin with some notation and facts. We say that a family E ⊂ F is p-exceptional if its p-modulus is equal to 0. Moreover, we say that a property (P ) holds p-almost everywhere (with respect to F ) if there is p-exceptional family E ⊂ F such that (P ) holds for F \ E. Notice that if there is the extremal function for the p-modulus of F then any p-exceptional family is of measure zero. One can show [13] 
where L x ∈ F is a leaf through x ∈ M. Functionφ is defined p-almost everywhere and almost everywhere if there is the extremal function for the p-modulus of F . We will often write (f ) instead off . Let us recall Badger's result [2] on the necessary and sufficient condition of existence of extremal function, which in our case takes the following form.
Theorem 2.2.
There is the extremal function for the p-modulus of F if and only if
We have the following generalization of an integral formula obtained by the first author [7] . This can be seen as a generalization of the Fubini theorem for a submersion, so called, co-area formula.
Proposition 2.3. Assume there is extremal function f 0 for the p-modulus of F . Then
M which proves (3.5). Replacing ϕ byφψ and then by ϕψ for ϕ, ψ ∈ L p (F ), we get (2.3).
Now we pass to the variation of p-modulus. Let X be the compactly supported vector field on M, ϕ t the flow of X. Let F t = ϕ t (F ). We say that X is admissible for the p-modulus of F if there is an open neighborhood I = (−ε, ε) ⊂ R such that A1) there is the extremal function f t for the p-modulus of F t for t ∈ I, A2) the function α(x, t) = (f t • ϕ t )(x) is C 2 -smooth with respect to variable t ∈ I, A3) the functions α, ∂α ∂t and ∂ 2 α ∂t 2 , t ∈ I, are dominated by functions in L p (F ) (independent of t). Moreover, we say that F is p-admissible if any compactly supported vector field on M is admissible for the p-modulus of F . The following theorem states the existence of padmissible foliations. The proof of below result can be found in [7] without the assumption on the second derivative of α in the definition of admissibility, but the proof in this case follows the same lines.
Theorem 2.4. Assume F is given by the level sets of a submersion Φ : M → N such that C 1 < JΦ < C 2 for some positive constants C 1 , C 2 and there exists extremal function for the p-modulus of F . Then F is p-admissible. Now we can state the formula for the first variation of the p-modulus [7] . Theorem 2.5. Let F be foliation on M and X compactly supported vector field admissible for the p-modulus of F . Assume that the extremal function f 0 for the p-modulus of F is C 1 -smooth. Then
where div F X denoted the leafwise divergence of X.
We say that a p-admissible foliation F is a critical point of p-modulus functional if the first variation (2.5) vanishes for any compactly supported vector field X. Since (2.5) can be written in the form
where H F and H F ⊥ denote the mean curvature vector of foliation F and distribution orthogonal F ⊥ , respectively, we get that F is a critical point of the p-modulus functional if and only if
holds trivially since the variation induced by a vector field X tangent to F leaves F invariant. Therefore, the condition for the critical point reduces to the following (2.7)
Second variation of p-modulus
In this section we derive the formula for the second variation of the p-modulus. First we need some technical results.
Let F be a foliation on a Riemannian manifold (M, g), X a vector field on M with the flow ϕ t . Let
Lemma 3.1. The following relations hold
where (e i ) is an orthonormal basis of T F .
Proof. First let us recall the formulas for the differential of the determinant. Namely, for 1-parameter family of matrices Y t such that Y 0 is an identity matrix, we have
Let Y t be of the form (Y t ) ij = g(ϕ t * e i , ϕ t * e j ).
We will derive the first and second derivative of Y t . Let φ(x, t) = ϕ t (x) and consider the pull-back bundle φ −1 T M over M × R with the fibers (φ
There is unique connection ∇ φ in this bundle satisfying
By the fact that φ *
In particular
By the correspondence
we obtain
Furthermore, up to a symmetrization of indices i, j,
where R φ is the curvature tensor of the connection ∇ φ and R is the curvature tensor on M. Hence
by above we get
The same argument as in the proof of above lemma implies that the second derivative of the "full" Jacobian Jϕ t : M → M equals
Assume now that X is admissible for the p-modulus of F . Recall the definition of the function α t (x) = α(t, x), α t (x) = (f t • ϕ t )(x) where f t is the extremal function for the p-modulus of F t and ϕ t is the flow of X. By admissibility of X the function t → α t is twice differentiable.
Lemma 3.2. The following relations hold
Proof. It suffices to differentiate the equation
and use Lemma 3.1.
Lemma 3.3. Let p ≥ 2 and let ψ t be 1-parameter family of functions on M such that for t in some interval (−ε, ε) we have
Then the following formula holds
where ψ = ψ 0 .
Proof. The integral formula (2.4) for F t takes the form
or equivalently
By the assumptions and Lebesgue dominated convergence theorem we can differentiate under the integral sign. Moreover, by Lemma 3.1
Thus (all derivatives with respect to t are taken at t = 0)
By (2.4) above equality simplifies to
Finally, by (2.3) and Lemma 3.2 we get the desired equality.
Now we can state and prove the formula for the second variation.
Theorem 3.4. Let p ≥ 2. Let F be a foliation on M and X compactly supported vector field admissible for the p-modulus of F . Then 
By Lemma 3.2 and integral formula (2.4) we get
Now we will use Lemma 3.3 for ψ t = dαt dt t=0
•ϕ −t and ψ t = f t div F ⊥ X. By p-admissibility of F these functions satisfy the assumptions of Lemma 3.3. Hence, after some computations (with the use of integral formula (2.4)), we get
It suffices to notice that last three components sum up to
By the monotonicity of the p-modulus we get that the p-modulus of a k-dimensional foliation F is less or equal to the p-modulus of the family of all k-dimensional submanifolds of given Riemannian manifold M. Moreover, if M is a doubly connected set in the Euclidean space R n , then the p-modulus of all hypersurfaces separating boundary components equals the q-capacity of a considered set and the p-modulus of a foliation F u given by the level sets of extremal function for the q-capacity [16] . Therefore, F u maximizes the p-modulus among all foliations separating boundary components. This leads to the following definition.
We say that a p-admissible foliation F is p-stable if it is a critical point of the p-modulus functional and if the second variation is nonpositive for any compactly supported vector field X orthogonal to F . We only require X to be orthogonal to F since the variation by the vector field tangent to foliation F is constant.
Let us now consider the codimension one case. Assume moreover that there exists unit normal vector field N to F . Then any compactly supported vector field orthogonal to F is of the form X = f N, where f ∈ C ∞ 0 (M). For simplicity let
If F is a critical point of the p-modulus functional and the extremal function f 0 for the p-modulus of F is C 1 -smooth, then rewriting (2.6) we have for any vector field Y
Notice that H F = h F N, where h F has real values and H F ⊥ = ∇ N N. Moreover the Ricci curvature of F in the direction of N equals the Ricci curvature of M in the direction of N. By a simple computations we get
where Π is the second fundamental form of
Let u : M → R be C 2 -smooth and assume |∇u| > 0. Denote by F u the foliation given by the level sets of u. Let ν q u : R → R be defined as follows
Notice that by (2.2) we have
Consider the vector field Y = ∇u |∇u| 2 . Then
, is dominated by a function (independent of t) integrable on the level sets u −1 (s + t), t ∈ (ε, ε), then ν q u is differentiable at s and
Proof. Since
we have by Lagrange mean value theorem
where θ t ∈ (−t, t). By easy computations we get
Thus by assumptions and by Lebesgue dominated convergence theorem function ν q u is differentiable at s and the desired equality holds.
By above proposition we have an important corollary. We now derive the differential equation for F u to be the critical point of the p-modulus functional. Let ∆ q u |∇u| = f 0 |∇u| ∆ q u |∇u| .
We collect obtained results in the following theorem. One can show [11] that if L 0 and L 0 are compact and do not reduce to a point, A q is nonempty, then there is unique function u which realizes the q-capacity. Moreover, slightly generalizing the considerations in [16] or with the use of primitive functions in [13] , see also [10] , the q-capacity equals the p-modulus of the foliation F u by level sets of u. Thus F u is p-stable.
